Abstract-The efficiency of lossless compression algorithms for fixed-palette images (indexed images) may change if a different indexing scheme is adopted. Many lossless compression algorithms adopt a differential-predictive approach. Hence, if the spatial distribution of the indexes over the image is smooth, greater compression ratios may be obtained. Because of this, finding an indexing scheme that realizes such a smooth distribution is a relevant issue. Obtaining an optimal re-indexing scheme is suspected to be a hard problem and only approximate solutions have been provided in literature. In this paper, we restate the re-indexing problem as a graph optimization problem: an optimal re-indexing corresponds to the heaviest Hamiltonian path in a weighted graph. It follows that any algorithm which finds a good approximate solution to this graph-theoretical problem also provides a good re-indexing. We propose a simple and easy-to-implement approximation algorithm to find such a path. The proposed technique compares favorably with most of the algorithms proposed in literature, both in terms of computational complexity and of compression ratio.
I. INTRODUCTION

I
N THIS paper, we address a relevant issue regarding the compression of indexed images. Indexed images encode colors using a fixed lookup table (palette). Each entry in the table is generally a triplet of RGB values. For each pixel in the image, only the index of the corresponding color needs to be stored. The efficiency of a lossless compression algorithm for indexed images may greatly depend on the assignment of indexes in the relative lookup table. Hence, lossless compression can be optimized by choosing a different palette ordering. In particular, a palette which assigns consecutive indexes to colors sharing many adjacent pixels in the image will provide better compression ratios using adaptive compression algorithms.
Unfortunately, given an image with colors, the number of possible color indexings is !, and only heuristic methods to pick an optimal ordering out of the many possible ones are known. Experimental data suggest that the problem is likely to be intrinsically difficult (NP hard). If our claim was true, the only strategy to avoid the exponential amount of computational Manuscript received May 6, 2002 ; revised April 12, 2004 . The associate editor coordinating the review of this manuscript and approving it for publication was Dr. Amri Said.
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F. resources required by an exhaustive approach is to adopt some suitable heuristic. We propose a graph theoretical setting to achieve a contentdependent smooth index distribution in the re-indexed image. A re-indexing is obtained in correspondence with a suboptimal solution of an instance of the traveling salesman problem (TSP) in a weighted graph.
We tested our algorithm with different kind of images (e.g., continuous-tone, graphics), with different resolution and number of colors. Experimental results show the effectiveness of our approach.
This paper is structured as follows. Section II introduces the re-indexing problem, while Section III reviews some related work. Our technique is described in Section IV and some heuristics to (approximately) solve the TSP problem are discussed. Experimental results are shown in Section V. Conclusions are drawn in Section VI.
II. COLOR RE-INDEXING PROBLEM
The re-indexing problem can be stated as follows. Let be an image of pixels and be the number of distinct colors. can be represented as , where is the set of all the colors in , and is a matrix of indexes in . An image represented in such a fashion is called indexed image and is its palette. Typical values for are 16, 64, or 256. Most of the compression engines proceed by scanning in some sequential order the indexes in . Once an ordered scan has been performed, the pixels encountered may be named . If a differential approach to coding and compression is adopted the information needed to reconstruct the original image is 1) the color of pixel ; 2) a table providing the correspondence between colors with index ; 3) the sequence of differences index of color in pixel index of color in pixel Let be the set of all differences with . Information theory tells us that any lossless scheme to encode the set of differences requires a number of bits per pixel (bpp) greater or equal to the zero-order entropy of the statistical distribution of . If indexes are ordered so as to produce an almost uniform distribution of values , the entropy value will be large. Conversely, a zero-peaked distribution in gives a lower entropy value. Hence, finding an optimal indexing scheme is a crucial step for differential lossless compression of indexed images.
III. RELATED WORK
The existing solutions to the re-indexing problem may be classified into two groups, according to the particular model/strategy adopted. The first group of solutions performs the re-indexing of color indexes according to perceptive similarity between different colors. In [7] , [8] , and [12] , consecutive symbols are assigned to visually similar colors. Although several perceptual similarity measures can be adopted, the most widely used is luminance. In [2] , the idea of color ordering has been further refined introducing the zero-order entropy as a quantitative estimate of the "goodness" of a candidate re-indexing. Indexes are ordered accordingly by means of a simulated annealing algorithm for entropy minimization. Memon investigated the problem of ordering the palette with respect to the compression ratio obtained with a suite of different compression algorithms [6] . The bottleneck of this group of solutions is the relative inefficiency of running a simulated annealing algorithm to optimize the palette re-indexing. To overcome this problem a pairwise merge (PM) heuristic has been proposed in [6] . However, it is still too burdensome to yield fast timings.
The second group of re-indexing algorithms is guided by both information theory and local adaptive considerations. Some techniques specifically devoted to work on a bit plane basis are presented in [3] and [4] , while [11] introduces a color correlation sorting algorithm. The most widely known representative in this class is the solution proposed by Zeng et alii [13] , [14] . This technique is based on a greedy algorithm to maximize a suitable potential function. The potential function has been heuristically selected in such a way that large values correspond to more peaked distributions of the set . Co-occurrence statistics of the image indexes are collected in a matrix . Each entry reports the number of times the pair of neighboring color symbols has been observed over the pixel sequence . The co-occurrence matrix could be re-arranged in order to profile the particular predictive scheme adopted by the compression engine. Fig. 1 (a) shows a toy example of an image with four colors. Fig. 1(c) shows the relative matrix when a raster row-by-row scanning scheme is adopted [ Fig. 1(b) ].
Using the statistical information provided by the co-occurrence matrix, Zeng's algorithm computes a new order for the color symbols by iteratively adding new colors to an ordered list. A potential function is maximized.
IV. TSP-BASED RE-INDEXING SCHEME Our solution derives a suitable indexing scheme solving an optimization problem for a Hamiltonian path in a weighted graph. Given an indexed image represented by the pair , with different colors and co-occurrence matrix computed as above, consider a complete nondirected weighted graph where defined as follows:
if if with . Let us call an matrix such that . The analysis of some examples and informal heuristic considerations suggest that there is a strong negative correlation between the weight of a Hamiltonian path over the graph and the entropy of set , when the color symbols are assigned according to their order in the path. In other words, the greater the weight of an Hamiltonian path, the smaller is the entropy of (see Figs. 2 and 3 ). We have not been able to provide a formal proof of the idea sketched above but we believe that the following can be stated. Conjecture: A simple Hamiltonian path in G of maximum weight gives an optimal re-indexing scheme.
The proof of the above conjecture is not a trivial task because it requires a reduction from a graph-theoretical problem to the optimization of a nonlinear function. However, the experimental results reported in Section V provide some evidence of the truth of our conjecture.
Nonetheless, the previous claim suggests a criterion to properly arrange the distribution of local relative differences. The idea is to select the re-indexing associated with the heaviest Hamiltonian path in G (i.e., a solution for the TSP leads to an optimal re-indexing). Unfortunately, since TSP is an NP-complete problem, no deterministic polynomial solution is known. Hence, only approximate solutions can be provided in realistic times. We have investigated several heuristics in order to find a good approximate solution to the TSP problem. However, the majority of the existing approaches are too burdensome and time consuming for our application. That is why we have devised a simple and fast heuristic in order to find good solution. We start sorting the edge set in decreasing weight order and marking as WHITE all vertices in . The algorithm continues incrementally adding to the path nonvisited edges with maximal weight. This procedure is detailed in the following pseudo-code.
Until there are unprocessed edges in , do the following. 1.1) Extract the edge of maximal weight that has not yet been processed. 1.
2) The following three cases may arise:
1.2.1) both vertices are WHITE. In this case, both of them are set to RED and they get the same new label; 1.2.2) one of the two vertices is WHITE and the other one is RED. In this case, the WHITE vertex becomes RED and gets the same label that has been assigned to the RED vertex; the RED vertex, in turn, becomes BLACK;
1.2.3) both vertices are RED. In this case, both vertices have been already visited by the algorithm. Two cases may further happen: a) both vertices are extrema of a chain of vertices with the same label. In this case, do nothing and skip edge ; b) the vertices are extrema of two distinct chains of vertices. In this case, they are both set to BLACK and the relative labels are unified; 1.2.4) one vertex is BLACK. The edge is skipped. The new indexing is obtained according to the relative position of the various color symbols in the path, scanning the path in one of the two possible directions. Fig. 4 shows the weight matrix together with the Hamiltonian path built in a run of the proposed algorithm.
A simple variation of this algorithm is to select the local best node instead of the best edge. A single-edge chain is built by selecting the heaviest edge incident to the vertex with the highest energy (i.e., the vertex with the highest sum of all co-occurrences between the selected node and the others). The remaining edges are added iteratively by choosing the heaviest edge incident to one of the endpoints of the chain; care must be taken to prevent the chain from autointersecting. This step is repeated until a complete Hamiltonian path is found. This heuristic is as fast as the previous one, but its performance never exceeds that of our previous approach. For this reason, it has not been included in the results.
We have tried also other, more sophisticated heuristics to find an approximate solution of the TSP problem. Among the many techniques proposed in literature, we have also considered genetic algorithms [9] , but we were unable to obtain satisfactory results. Moreover, the extra complexity added to the algorithm is not matched by an improvement in terms of compression ratio. This negative result should indeed be expected: there is no known polynomial time algorithm able to find a solution for TABLE I  ENTROPY VALUES FOR IMAGES WITH DIFFERENT NUMBER OF COLORS   TABLE II ENTROPY, BPP, AND TIME VALUES a general instance of the TSP problem that guarantees a prescribed error bound to the approximation [15] .
V. EXPERIMENTAL RESULTS
To evaluate the effectiveness of the proposed method, we have performed several tests over different sets of indexed images, using different TSP heuristics. Comparisons have also been carried out between our re-indexing algorithm and the methods described in [6] (pairwise merge) and [14] , which in our opinion are the two most effective algorithms in literature.
First of all, we gathered some experimental support to our conjecture that optimal re-indexing for an image is related to an optimal path in the corresponding TSP problem instance (Section II). We computed the optimal TSP paths for the graphs corresponding to indexed images by brute force. In order to keep the computation feasible, we have restricted our attention only to images with eight and 12 colors. Table I shows some comparisons that give some evidence of the truth of our conjecture.
Some experiments have been performed over two sets of indexed images: photographs (i.e., continuous tone) and synthetic images. As a benchmark measure, we have adopted the entropy of the sets of test images, the corresponding compression ratios obtained with the JPEG2000-lossless algorithm [1] , [5] , [10] , and the relative timing performances. Table II shows that the minimal entropy values are found in correspondence of Memon's technique at the expenses of a high computational burden. Our TSP-based approach provides performances close to Zeng's, which gives the lowest entropies and runs faster than other approaches. The slight gain in compression ratio of our algorithm with respect to Zeng method probably depends on the difference between the two greedy strategies adopted. Namely, rather than growing a single chain by choosing the best fitting color symbol as Zeng does, we generate suborderings that are eventually merged.
The results for bpp follow the same pattern observed for entropy. A simultaneous comparison of running time and bpp performance obtained with different re-indexing schemes is shown in Fig. 5 . The proposed technique is a realistic alternative to the other re-indexing schemes.
Not surprisingly, experiments show that both bpp rates and timings are higher for real life photos than for synthetic images. A more interesting observation is that when working with few colors the performance of Zeng's, Memon's, and our approach is substantially the same. Performances differ as the number of colors increases. This is probably related to the degree of optimality of the TSP solution found by our approach.
As for the asymptotic complexity of different re-indexing schemes, let us observe that, while it can be proved that both Memon's and Zeng's algorithms have asymptotic time complexity of , our TSP approach requires steps. Hence, our algorithm can be a good choice when coding images with large palettes.
VI. CONCLUSIONS AND FUTURE WORK
We have proposed an efficient re-indexing scheme for palettebased images. The re-indexing problem is translated into an optimization problem over a weighted graph and solved in an approximate fashion. The new indexing found by the proposed methodology exhibits smooth relative transitions in the indexed image, making it more suitable for lossless compression. The performances of our algorithm compare favorably with the performances of other approaches.
Future research aims at finding a better approximate algorithm for solving the related TSP problem. We believe that if a better approximation of the optimal solution can be found efficiently, this, in turn, would produce a stronger entropy decrease.
